This paper is devoted to the survey of some automata-theoretic aspects of di erent exotic semirings, i.e. semirings whose underlying set is some subset of R equiped with min, max or + as sum and/or product. We here adress three types of properties related with rational series with multiplicities in such semirings : structure of supports, decidability of equality and inequality problems, Fatou properties.
Introduction
Min{max{plus computations are used in several areas. These techniques appeared initially in the seventies in the context of Operations Research for analyzing discrete event systems (cf Chapter 3 of 5]; see also 1] for a survey of these aspects of the theory). In another direction, the (min= max; +) semirings were also used in mathematical physics in the study of several partial di erential equations which, as the Hamilton-Jacobi equation, appeared to be (min; +)-linear (see for instance the last chapter of Maslov's book 9]). It is also interesting to observe that similar objects were studied for Arti cial Intelligence purposes : the fuzzy calculus involves indeed essentially (min; max) semirings (see 3] for more details and extensive references on this area).
More recently, the min{max{plus techniques appeared also in formal language theory : the so-called tropical semiring, i.e. M = (N f+1g;min;+), played indeed a central role in the study and the solution of the nite power problem for rational languages (which is the problem of deciding whether the star of a given rational language L is equal to some nite union of iterated concatenations of L; cf 6]). Moreover the same semiring can also be used for studying other fundamental notions of automata theory such as nondeterminism (cf 11]) or in nite behaviour of nite automata (see 10] for a survey of the use of M in the context of automata theory).
All these results motivated several studies of rational series with multiplicities in min{max{plus semirings in order to more deeply understand how these algebraic structures interact with automata. The purpose of this short paper is to give a survey of some aspects of these studies. We rst present some structural results on the supports of the rational series that appear in these contexts. We then deal with equality problems for automata with costs in these semirings. Finally we adress some Fatou questions for these algebraic structures.
Preliminaries

Exotic semirings
There are several semirings whose underlying set is some subset of the real numbers equiped with min, max or + as sum and/or product. Among them, we shall especially consider in this paper the following ones : 2 the tropical semiring M = (N f+1g;min;+), the polar semiring N = (N f?1g;max;+), the K-tropical semiring M K = (K f+1g;min;+), the fuzzy semiring F = (N f+1g;min;max), the K-fuzzy semiring F K = (K f+1g;min;max), where K denotes some subset of R stable by min, + or max according to the case which is considered (typically K = Z, Q or R).
We can of course de ne a K-polar semiring N K = (K f?1g;max;+), but the reader will easily check that M K is isomorphic to N ?K where ?K denotes the set f?k; k 2 K g, an e ective isomorphism between these two semirings beeing realized by the mapping x ?! ?x. Note that N can therefore be identi ed to the subsemiring of M Z (also called sometimes the equatorial semiring) based on N ? f+1g. The following picture summarizes the inclusion relations between all these structures (an arrow denotes here an inclusion).
Automata with multiplicities in a semiring
Let K be a semiring and let A be an alphabet. We denote then by K<<A>> the K-algebra of formal power series over A with multiplicities in A. The K-algebra of K-rational series is then the smallest sub-K-algebra, denoted KRat(A), of K << A >> that contains all letters a 2 A and that is stable by star (of proper series).
Let us now recall that a K-representation of order n of the free monoid A is just a monoid morphism of A into the monoid of square matrices of order n with entries in K. A K-representation of A is therefore completely de ned by the images ( (a)) a2A of the letters a 2 A.
A K-automaton of order n is then a triple (I; ; T) where is a Krepresentation of order n of A and where I and T are respectively a row and a column vector of order n with entries in K. One can represent graphically any K-automaton A = (I; ; T) of order n by a graph G(A) de ned as follows (see also 
The K-tropical semiring case
The following proposition is folklore (cf 7] for instance). It shows that the structure of k-supports of rational series with multiplicities in (min= max; +) semirings based on N are always rational. Proposition 3.1 Let S be a rational series with multiplicities in M or N.
Then all k-supports of S are e ective rational languages of A .
On the other hand, the situation is completely di erent when one allows negative integers in the support of a K-tropical semiring. is also an e ective rational language. This ends our proof.
2
Note 3.4 The last proposition says equivalently that every F K rational series S can be written as
where (L i ) i=1;N is a disjoint family of rational languages and where the elements k i are constants of K.
4 Decidability questions
Equality and inequality problems
Let K be a semiring totally ordered by the order < K . Several classical decision problems concerning K-rational series can then be stated. 
When K is an arbitrary semiring, these decidability problems are in general not connected. For instance, when K is the semiring N of integers (equiped with the usual sum and product), the equality problem is decidable when the inequality and the local inequality problems are undecidable (cf 4] for instance). In the K-tropical case, all these problems are in fact related with respect to decidability in the following way (Eq) () (Ineq) () (LocalIneq) (= (LocalEq) ;
an arrow P =) Q meaning here that the decidability of problem P implies the decidability of problem Q.
Moreover it can also be shown that the status with respect to decidability of the equality problems for M, N and M Z is the same. In other words, these three equality problems are necessarily all decidable or all undecidable.
The K-tropical semiring case
We can now state the following main undecidability result for rational series with multiplicities in the equatorial semiring.
Theorem 4.1 (Krob; 8] These properties show that one has 9(n 1 ; : : :; n N ) 2 N N ; P(n 1 ; : : : ; n N ) = 0 () 9w 2 A ; (Sjw) 0 :
These relations show that the 10-th Hilbert's problem can be reduced to the restricted local inequality problem for M Z -rational series considered here.
This implies immediately that this last problem is undecidable.
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Corollary 4.2 The equality, inequality, local equality and local inequality problems for rational series with multiplicities in M and N are 1. decidable when jAj = 1; 2. undecidable when jAj 2. Note 4.3 1) All the above decidability problems are still undecidable even if the entries of the considered automata only belong to f0;1;+1g. 
